The aim of this paper is to answer the following question: let (X, ) and (Y, d) be metric spaces, let A, B ⊂ Y be continuous images of the space X and let f : X → A be a fixed continuous surjection. When is the inequality
The Hausdorff distance between (not necessarily closed) nonempty subsets is a useful tool in the theory of metric spaces. But in many cases it may be difficult to compute it, especially in comparison with the classical supremum distance between bounded mappings. Therefore it seems to be useful to express the Hausdorff distance by means of the supremum distance of continuous surjections.
Another issue related to the Hausdorff distance comes from the theory of Banach algebras. It is well known that if a sequence of commuting elements of any unital Banach algebra is norm-convergent, then the corresponding sequence of spectra converges to the spectrum of the limit with respect to the Hausdorff distance induced by the standard metric on the complex plane C. One may ask if the inverse implication holds: if a sequence (K n ) n of compact subsets of C converges to a compact subset K with respect to the Hausdorff distance, then does there exist a commutative unital Banach algebra and a sequence (a n ) n of its elements which norm-converges to an element a such that σ (a n ) = K n for all n and σ (a) = K? Here σ (x) denotes the spectrum of an element x of a unital Banach algebra. The answer to this question is given in Corollary 5.3 in its full generality.
The paper is divided to five sections. In Section 1 we establish the notation and quote well-known theorems which are used in the next sections. We also prove the generalized Sierpiński's theorem for zero-dimensional (with respect to the covering dimension dim) metrizable spaces (Theorem 1.3). Section 2 deals with, so-called, spaces of type (S).
We give important examples of such spaces and prove some of their properties. Section 3 contains the main lemma. It has purely auxiliary meaning and its proof is very technical, so we decided to put it in a single section. Section 4 includes results which solve the problem of approximation of the Hausdorff distance in any metric space. The main tool of this section is Lemma 3.1. However, when the spaces involved are compact, Theorem 4.3 does not provide a satisfactory answer. Section 5 deals with this problem.
Topological tools and notions
In this paper all spaces under consideration are nonempty and metrizable, with metrics being prescribed. The weight of a topological space X, i.e. the infimum of cardinalities of open bases for X, is denoted by w(X). If X is metrizable and infinite, its weight is equal to the infimum of cardinalities of all dense subsets of X. For topological spaces X and Y , C(X, Y ) stands for the space of all continuous mappings from X to Y . C denotes the Cantor discontinuum and B(m) stands for the infinite countable Cartesian product of the discrete space of cardinality m ℵ 0 . It is well known that C and B(ℵ 0 ) are homeomorphic to the infinite countable product of the two-point space and to R \ Q respectively.
Recall that the Hausdorff distance of two nonempty subsets A and B (not necessarily closed) of a metric space
where dist d (y, C) = inf c∈C d(y, c) for y ∈ Y and a nonempty subset C of Y . It is well known that the Hausdorff distance is a metric in the space of all nonempty closed and bounded subsets of (Y, d). However, in our investigation, subsets involved are not necessarily closed or bounded. 1 If X is a nonempty set and f, g : X → Y are two mappings, the supremum distance between f and g (induced by the metric d) is
One can easily prove that
Now let (X, ) be a metric space and A and B be subsets of Y which are continuous images of the space X. For a continuous surjection f : X → A, we have
(1.1)
The question as to when the above inequality is replaced with the equality is an interesting question. In order to obtain the desired equality, the abundance of continuous mappings of X onto A and of X onto B seems to be necessary. This is the reason why we focus on strongly zero-dimensional spaces. Definition 1.1. A nonempty metric space X is said to be
• hereditary disconnected if it has no connected subsets other than the empty set and the singletons,
• zero-dimensional (ind X = 0) if it has a basis consisting of open-closed subsets,
Every strongly zero-dimensional metric space is zero-dimensional, each zero-dimensional metric space is hereditary disconnected. If a metric space is zero-dimensional and separable, then it is strongly zero-dimensional. Nonempty subsets of a strongly zero-dimensional metric spaces and their countable Cartesian products are also strongly zerodimensional.
The following special case of the Dowker theorem [2] is the fundamental result for our investigations. Important examples of strongly zero-dimensional metric spaces are given in Examples 2.3. For more information about the dimension theory see [4] or [3] .
The following amazing property of strongly zero-dimensional metrizable spaces was first proved by Sierpiński [8] for separable spaces. Proof. If ∂A is empty, it suffices to take any b ∈ B and define r : X → A as the identity map on A and the constant map (with the value b) on X \ A. Now we assume that the boundary of A is nonempty. Let B n := {x ∈ X: 
Finally we define a mapping r : X → A by the formula
Clearly r is a retraction onto A. Since r on X \ ∂A is locally constant, it is continuous on X \ ∂A. It remains to prove that if (x n ) ⊂ X \ A and x n → x ∈ ∂A, then r(x n ) → x. For each n there exists exactly one V n ∈ U and m n 1 such that
The next result states that the strong zero-dimensionality in Theorem 1.3 cannot be weakened.
Proposition 1.4. If X is a nonempty metric space such that each nonempty closed subset of X is its retract, then X is strongly zero-dimensional.
Proof. Let A and B be closed disjoint subsets of X. Put C := A ∪ B. We may assume that C is nonempty. Then, by the assumption, there exists a (continuous) retraction r : 
Spaces of type (S)
As we will see in Examples 4.5(1), the condition "dim X = 0" is not sufficient for the problem of approximation of the Hausdorff distance. Therefore we need to require a little more. The space X is called a space of type (S) for a class A of metric spaces if X is a space of type (S) and every element of A is a continuous image of X.
The proposition below will be used to produce spaces of type (S).
Proposition 2.2. If X is a strongly zero-dimensional metric space, then each nonempty subset
A of X ℵ 0 such that A = cl(int A) is a
space of type (S). In particular, X ℵ 0 and all of its nonempty open-closed subsets are spaces of type (S).
Proof. Since the space X is strongly zero-dimensional, so is the set A. (1) The Cantor discontinuum C is a space of type (S) for the class of all nonempty compact metrizable spaces. This follows from well known facts that C is homeomorphic to {0, 1} ℵ 0 and each nonempty compact metric space is a continuous image of {0, 1} ℵ 0 .
(2) The space N := R \ Q is a space of type (S) for the class of all nonempty Borel subsets of separable completemetrizable spaces. This is a consequence of the fact that N is homeomorphic to B(ℵ 0 ) and the theorem: every nonempty Borel subset of a completely metrizable separable space is a continuous image of the space N .
(3) The space B(m) (m ℵ 0 ) is a space of type (S) for the class of all nonempty completely metrizable spaces X with w(X) m. This is a well-known fact and is proved as follows. By [6] (see also [3, p. 288 ]), such a metrizable space X is the image of a continuous mapping defined on a subset of B(m). By the completeness of X, the mapping has a continuous extension f : E → X to a G δ subset E of B(m). Since E is completely metrizable, it is homeomorphic to and hence is identified with a closed subset of B(m). By Theorem 1. The following result explains why spaces of type (S) can be useful. 
ψ(b t )). Let s = u(t). Then by definition, t ∈ T s . Since κ s is a surjection and κ s (s) = s = t, there exists t 0 ∈ T with κ s (t 0 ) = t. As g s,t 0 is a surjection of V s,t 0 ontoB (b κ s (t
b, we find an element of V s,t 0 which is mapped to b. This proves the surjectivity of g. Now we will prove that for each x ∈ X the condition (i) or (ii) of the lemma holds.
Let x ∈ X. There exists s ∈ S such that x ∈ U s and by (3.3), there is t ∈ T ∪ {s} for which x ∈ V s,t . There are two possibilities:
). We will show that in this case the condition (i) is satisfied for a := a s . Indeed, (f (x), a) (1) As we mentioned in Section 2, the strong zero-dimensionality is not sufficient for solving the approximation problem studied in 4.1. To see this, let X = Z be a metric space with the discrete topology and let A = Z and B = Q be subsets of the real line with the standard metric d. The space X is strongly zero-dimensional but is not of type (S). It is easy to check that d H (A, B) = (3) Theorem 4.1 says that we can approximate the Hausdorff distance by the suitable distance of mappings for two sets. As this example shows, it cannot be done for more sets. Let M > 0 and A := {x 1 , y 1 , x 2 , y 2 , x 3 , y 3 } be a six-point space with the metric d defined as follows
in the odd cases. Since d(x, y) ∈ [M, 2M] for x = y, this is a metric. Let A j := {x j , y j } for j = 1, 2, 3. It is easy to compute that d H (A 1 , A 2 ) = d H (A 1 , A 3 ) = d H (A 2 , A 3 ) = M. But for any functions g j : X → A j (j = 1, 2, 3) (not necessarily continuous functions!) defined on an arbitrary nonempty set X, one of the numbers d sup (g 1 , g 2 ), d sup (g 1 , g 3 ), d sup (g 2 , g 3 ) is equal to 2M.
(4) In Section 5, we prove that for any two compact subsets of a metric space, there always exist continuous surjections defined on C for which the equality (4.2) holds. Here we give an example illustrating that the compactness assumption of A and B cannot be dropped. 
Since L is compact, the same reasoning as above can be used to define a function
Now we are ready to prove the following 
Proof. Fix a discrete space M of cardinality 2 ℵ 0 and take a functionf 0 : M → K 0 such that cardf −1 0 ({a}) = 2 ℵ 0 for any a ∈ K 0 . By Lemma 5.1, for each n 1 there exists a surjectionf n :
. Notice thatf n is continuous since M is discrete. Let X be the Stone-Čech compactification of M and f n : X → K n be the continuous extension off n (n 0). Obviously C) be the unital C * -algebra generated by the family {g k n } n,k 0 . By the theorem of Gelfand and Naimark [5] , there exists a compact Hausdorff space L = ∅ such that A is isometrically * -isomorphic to C(L, C). Since A is separable, so is C(L, C) and therefore L is metrizable. By the characterization of multiplicative linear * -homomorphisms between algebras of all continuous (complex valued) mappings defined on compact Hausdorff spaces (see e.g. [7, Theorem II.7.7 .1]), we conclude that there exists a continuous mapping ψ : X → L for which
Such an identification is one-to-one, so ψ is surjective. Further, for each n, k 0 there exists
. From the equality r n • ψ = g n (and the surjectivity of ψ ) it follows that r n (L) = g n (X) = h n (K n ) (n 0). Now let s n := h −1 n • r n for n 0. Then s n • ψ =f n and hence As we will see soon, there is no universal mapping for any uncountable compact space. But first a positive result. 
